ABSTRACT. The authors consider a long elastic cylinder of constant section 0 part ly immersed in a liquid of const a nt density. It is assumed that the body is in t he state of plane strain and that n has a boundary consisting of two piecewise smooth arcs assumed to meet each other at two, and only two, points on a horizontal line. The upper arc r, which is exposed to air , is assumed known , while the lower arc '"'( , assumed to be totally immersed in a liquid of constant density, is unknown and is to be determined. Under the conditions that the displacements and surface stresses on a subarc of r are known and that the lower arc '"'( is subjected to a known constant hydrostatic pressure, the authors prove a uniqueness theorem and in the case of existence of a solution, show the existence of a sequence of regularized solutions converging to the exact solution.
Introduction
Consider a long elastic cylinder of constant (cross) section as shown in Fig. 1 . Plane strain is assumed. The section is represented as the union of two piecewise smooth arcs r and / having two, and only two , common points, these points lying on a horizontal line. The arc r is assumed to be above / and to be exposed to air whereas I is completely immersed in a liquid of constant density. It is assumed that the elastic body is so light that / is near the surface of the liquid. Therefore we can safely assume, as a: first approximation, that the hydrostatic pressure acting on I is a (known) constant. The state of plane strain being assumed, the problem will be treated two-dimensionally, in x , y and the equation of equilibrium will be on the domain n, which is a section of the cylinder. It will be assumed that the surface displacements and surface stresses are specified on r (see Fig. 1 ) . Before proceeding further, we note that the following analysis, with some modifications, will go through if conditions on displacements and stresses are given on a subarc of r, however for simplicity in the presentation, we assume these conditions to be specified on the whole of r.
Under the foregoing conditions, we prove a uniqueness theorem, and in the case of existence of a solution, we show the existence of a sequence of approximate solutions converging to the exact solution.
Mathematical Formulation
Let the elastic body n be referred to a Cartesian system of coordinates x, y as shown in Fig. 1 . Using the notations of Timoshenko and Goodier [TG] , we denote the displacements in the x-direction and they-direction respectively by u, v and let Ex, Ey, rxy ax, ay, Txy be the strain and stress components. Assuming plane strain, we have where E, v are positive constants satisfying
With X, Y denoting the body forces in x-, y-directions respectively, we have the following equilibrium equations (cf. [TG] (a) X = Y = 0, and on r, (F, G) 
then there exists at most one pair ( ( u, v) , n) with u, v in C 1 ( n u r) n C ( n) n H 1 ( n) satisfying (2.3)-(2.6).
Before giving a proof of Theorem 1, we shall first state a result on the convergence of approximate solutions. For this theorem to hold , we need some additional assumptions.
Let the known points of/ be z 1 = (a, 0), z 2 = (b, 0) , (a < b), (cf. Fig. l) . We make the following assumptions (C 1 ) n is convex, r is the graph of a known piecewise C 1 -function <p : 
Proof of Theorem 1
The proof is an appropriate modification of the one in [Al 
. The proof which is by contradiction, relies on the unique continuation theorem for Lame systems [A2] Using a result proved in [TA] where Ii (i = 1, 2) is the unknown boundary of Qi.
Letting z be a point of a smooth arc of 8w 0 , we prove that
where (f(z), m(z)) is the outer unit normal vector to 8w 0 at z and a-~, a-; , T~Y (i = 1, 2) are the stress components corresponding to (ui , vi) . Since owo c ow c 0(0
two cases are to be considered
But by (2.6) ,
From (4.4), (4.5) we get (4.3). Hence (4.3) holds for all points z of smooth arcs of owo.
Define O"x, O"y , Txy as m (2.1). In view of (2.3)-(2.6), (4.5) , we can verify directly that these functions satisfy (2.3) on 0 1 subject to the conditions 
Hence, by uniqueness of continuation for Lame systems [A2] , we obtain 0-x = 0-y = Txy = 0 in 0 1 . This implies in view of (4.7), (4.11) that (F' , G') --0 on r , i.e. , (F, G) 
Finally, let the hypothesis (b) of the theorem hold. We set some notations 
( 5.2) We shall apply the Lax-Milgram theorem to the latter problem. To this end, we shall decompose U into a sum of a function Y in V(OV;) and a <I> E £, i.e., By using the Lax-Milgram theorem, there exists, for each (q,, 'If;, F, G) 
The problem becomes one of finding a ( q,, 'If;) in £ x K such that (5.8)
Now, consider the problem Find min{Jn(q,,'lf;): V(q,,'l/J) ·E £ x K}.
(5.9)
The existence of a solution of (5.9) is a direct consequence of the following lemma (the proof of which will be given later) . ;q,mk,'l/Jmk,Fmk•GmJlr ___. Y( · ;q,,'l/J,Fo,Go) Hence ln(<I>on, 'I/Jon)= 0, i.e., (<I>on, 'I/Jon) is a solution of (5.9).
Step 2. Convergence of ('I/Jon) to ' I/Jo. We have in view of the decomposition By the compactness of .C x K, there are a subsequence of ( q,Onk, 'l/Jonk) (still represented by the same notation) and a q> in .C such that q,onk ~ q, in (H 1 (ao , bo)) 2 . ' I/Jo) . The proof relies on a result of [F] . We first verify the regularity of u. Assume that u = (u' ' v') . Put e = au' I fJx +av' I fJy.
Then one get from (5.1) that ~e= o in the sense of distribution. Since e E L 2 (r21/ J ), it follows that e E e 00 (D,1/ J) (see, e.g., [F] , page 56). We also have in view of (2.1) ~u=-~ae
in the sense of distribution.
In the same way as for (5.6) , (5.7) , we have 1 1 11 11L 2 c n; b) :Sell°: l l L2c n;b)' llV'llL 2 c n; b) :Sell: l l L2c n; 0)
It follows that u' , v' are in L 2 (r21/ J)· Hence, using the regularity results (see [F] 
